In a fusion reactor a hot plasma of deuterium and tritium is confined by a strong magnetic field to produce helium ions and release energetic neutrons. The 3D geometry of a stellarator provides configurations for such a device that reduce net toroidal current that might lead to disruptions. We construct smooth coils generating an external magnetic field designed to prevent the plasma from deteriorating.
In a fusion reactor a hot plasma of deuterium and tritium is confined by a strong magnetic field to produce helium ions and release energetic neutrons. The 3D geometry of a stellarator provides configurations for such a device that reduce net toroidal current that might lead to disruptions. We construct smooth coils generating an external magnetic field designed to prevent the plasma from deteriorating.
Biot-Savart law ͉ magnetic fusion ͉ magnetohydrodynamics ͉ plasma physics ͉ stellarator A pressing issue of our time is to develop clean and efficient energy sources. One proposed solution of the problem implements the concept of nuclear fusion of hydrogen to form helium, which does not leave radioactive wastes that are as permanent as those involved in fission (1) . Therefore, it is important that the possibility of building nuclear fusion power plants be explored by both theory and experiment. The suggested solution is to contain a very hot deuterium and tritium plasma magnetically in a vacuum so that it does not come near solid walls. In the most favored design, the tokamak, the plasma is confined in the shape of an axially symmetric torus. However, without a poloidal magnetic field induced by net current in the plasma itself, charged particles tend to drift out toroidally and leave the machine.
The stellarator concept avoids generating a net current by changing the shape of the plasma to an asymmetrical torus with fully 3D geometry (2) . Several projects are underway to build experiments based on proposed configurations. The most ambitious is the International Thermonuclear Experimental Reactor, a large tokamak planned for construction in Cadarache, France. Important stellarator experiments include the Wendelstein 7X under construction in Germany, the Large Helical Device in Japan, and the Helically Symmetric Experiment (HSX) at the University of Wisconsin (3) (4) (5) . We are concerned with mathematical problems involved in the stellarator model. After the magnetic field inside the boundary of a physically desirable plasma has been optimized, we determine the number, shape, and position of coils that are required to generate the external field. Fig. 1 displays a plot of the plasma and coils as they might look in such a reactor.
Mathematical Model
We are primarily concerned with the magnetohydrodynamic model of plasma physics. In particular we have ƒ ⅐ B ϭ 0, where B is the magnetic field. The requirement of force balance put on the plasma follows from the simplified form:
of the magnetohydrodynamic variational principle, where p is the fluid pressure and the gas constant is zero (2) . In a stable system the energy throughout the volume of plasma must be a minimum. A mathematical consequence of this principle asserts that the Lorentz force must balance the pressure, so that:
where T is the Maxwell stress tensor
The divergence theorem can be applied to the equations over any test volume of the plasma because we have put them in a conservation form with each term expressed as an exact partial derivative. It follows that the normal components of the magnetic field and the force do not have jumps across any discontinuity of the plasma such as might occur in a weak solution or at a free boundary. Thus we have:
where the square brackets indicate that a jump is to be calculated. Conservation form of the magnetohydrodynamic differential equations for plasma confinement captures magnetic islands and other discontinuities that are associated with singular behavior of the solution (6).
Computational methods have been applied to find desirable shapes for the surface of the plasma that are designed to provide stellarator configurations with good physical properties (2, 7, 8) . Afterward, coils must be constructed that define an external magnetic field that is compatible with the one inside the plasma. Mathematically this problem is not well posed, so the coils may be too complicated to build or may introduce erroneous harmonics in the solution at reactor conditions.
Locating the Coils
The first step in selecting a desirable stellarator configuration is to find a representation for the free boundary of the plasma:
Ϫimuϩinv that optimizes physical properties inside. That process is facilitated by a correlation between the shape factors ⌬ mn b and corresponding Fourier coefficients B mn , called the spectrum, in an expansion of the magnetic field strength in terms of invariant poloidal and toroidal angles. Good confinement is achieved when the magnetic spectrum has quasiaxial symmetry (QAS) so the column B m0 dominates, or has quasihelical symmetry so the diagonal B mm dominates (6) . After the shape of the plasma has been found, one must determine positions of coils on an outer control surface S defined by an expression:
Ϫimuϩinv like the one for the free boundary. These coils should be smooth so they can be constructed effectively and so they generate a magnetic field with robust flux surfaces devoid of extraneous harmonics.
A simplification in our formulation of the coil problem is the assumption p ϭ 0 that the pressure vanishes and that the field is harmonic so that:
An effective correction can be made in the more general case p Ͼ 0 by examining the free boundary condition [B 2 ] ϭ 0, which asserts that the strength of the magnetic field remains continuous across the separatrix. This follows in turn from the conservation form of the equations for the Maxwell stress tensor T. For QAS stellarators the most significant contribution to B 2 comes from the leading term B 10 in the magnetic spectrum. Hence a vertical field that adds a similar term to B 2 can be used to make the external field from a vacuum calculation become compatible at the free boundary with the optimized field computed for positive values of the pressure inside the plasma. To smooth the coils the location of the plasma may be moved closer to the control surface, but then vertical and toroidal fields must be applied to restore the solution to an originally prescribed position.
The solutions of the Laplace equation we are looking for are found from the Biot-Savart law of electromagnetic theory:
We represent the current distribution as a Fourier series:
͑u, v͒ ϭ 0 v ϩ mn sin͑mu Ϫ nv͒ over a rectangle corresponding to the surface of integration S. The level curves of are filaments specifying the location of coils on S that generate the external field required to confine the plasma. In the Biot-Savart law 0 is a given poloidal current, the net toroidal current is omitted, and mn are unknown coefficients to be determined (5). In the design of stellarators we want to have as few coils as possible without compromising the shape of the plasma, and the number of terms retained in the Fourier series should be small to eliminate extraneous harmonics that may cause the magnetic surfaces in the plasma to deteriorate. In the simplified case p ϭ 0, the current distribution on the control surface S is found from the requirement that the normal component B ⅐ N b of the magnetic field must vanish on the separatrix bounding the plasma. This condition gives rise to a system of linear equations: The shape factors ⌬ mn a come from magnetic lines of a readjusted equilibrium found by introducing toroidal and vertical fields. The coefficients mn determine coil filaments on the control surface. Relatively few coefficients suffice to define the configuration shown in Fig. 1 .
Fig. 2.
Cross-section of a line tracing calculation for a QAS stellarator displaying the control surface for the coils, the prescribed shape of the plasma, and magnetic lines computed at ␤ ϭ 0. The islands outside of the separatrix show that the magnetic field is organized favorably for a divertor. This idea succeeds when smooth coils are found to generate the external field confining the plasma.
for the unknown Fourier coefficients mn . However, the problem is not well posed because there is no reason to expect the optimized magnetic field inside the plasma to extend analytically outside as far as the control surface S. This difficulty is overcome by restricting the number of coefficients ⌬ mn b used to optimize the shape of the plasma and then afterward using only a few select harmonics in the definition of so that the condition number of the matrix of the linear system of equations is low. When the computational issues that are encountered in this analysis are addressed effectively, satisfactory coils can be found by applying a standard linear equation solver.
After the distribution function has been calculated, one constructs the coils from filaments defined by its level curves. That requires approximating the surface integral in the 2D version of the Biot-Savart law by a simpler 1D version:
consisting of a finite set of line integrals over a system of closed curves. Magnetic lines are computed from the new integrals to trace out a toroidal magnetic surface near the prescribed free boundary of the optimized plasma. If the Fourier coefficents that occur are chosen carefully, the Biot-Savart separatrix thus obtained becomes a good enough facsimile of the given plasma boundary to make the calculation a success.
Design of QAS Stellarators
The numerical method we have described has been applied to design a compact stellarator with two field periods as a candidate for a fusion reactor (6, 9) . We have found 12 smooth coils that generate the external magnetic field (compare Fig. 1 ), and they define robust flux surfaces that are not destroyed by small perturbations of the vertical and toroidal fields. The magnetic lines outside the separatrix are well organized and produce magnetic islands that may be advantageous in the construction of a divertor (compare Fig. 2 ). There is flexibility in the configuration to allow for reduction of the rotational transform from the 3D coils if that becomes necessary to control resonances at the edge of the plasma. The device is so compact that four coils with sharper curvatures in the middle sections of the plasma might be replaced by two equivalent coils shaped like figure eights that zigzag back and forth between two sections of the torus and are much smoother because they eliminate twisted segments. The aspect ratio of the major radius divided by the plasma radius is 2.5, and the average value of the parameter ␤ ϭ 2p/B 2 characterizing the pressure is 0.04 at reactor conditions. Fourier coefficients defining this stellarator are listed in Table 1 .
A computational theory of equilibrium and nonlinear stability, combined with experimental observations, provides convincing evidence that QAS stellarators are safely stable and not subject to the crashes seen in tokamaks (6) . Monte Carlo calculations of thermal transport that take into account quasineutrality suggest that confinement in QAS stellarators may be comparable to that in existing tokamaks, but a test is needed to show that these configurations can achieve the high ion temperatures required for ignition in a fusion plasma (9) . The physics issues seem to be secondary to a more technical question of finding smooth coils that can be built to generate the external magnetic field in a stellarator with robust flux surfaces. The best performance in the design of current experiments has been achieved by applying a simplified analysis using potential theory like the one in this article (4) . It would be desirable to develop more sophisticated 3D codes to solve the free boundary problem for a plasma at reactor coditions, but the methods we have used seem adequate to justify going forward promptly with a stellarator ignition experiment.
